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SUMUARY

The theoretical aspect of triallel analysis has been dealt with by Rawlinsand
Cockerham [7], Hinkelmann [2] and Ponna Swamy et al. [4]. it was shown by
Zelen [9] that a partially balanced design with (m+l) associate classes can be
derived from a partially balanced design with m associate classes by replacing
each treatment by n treatments. In the present study, a four class association
scheme has been derived from a partially balanced design with 3-associate
classes. The total (v - 1), i.e. [pip - 1) (/» —2) - 1]degrees of freedom (d.f.)
has been partitionedinto 4 sets of (P —1,P iP —3)/2,/' (p —J) (P —5)/6and
5p(p_l) (p-2)/6 d.f, said to belong to general combining ability (g.c.a.)
effects, first orderspecific combining ability (s.c.a.) effects, second order s.c.a.
effects, and reciprocal, effects respectively. There is complete balance over
these sets of degrees of freedom, in the sense of Shah [8].

Keywords : Partially Balanced DesigUi-Qeneral and specific combining ability,
reciprocal cffect, Orlhonormal basis.

iDtroductiod

Each individual cross in a diallel experiment is the product of two
parents. On the contrary, a three-way cross or a triallel is a product
of three parents, for instance (AABB) CC. Taking p as the number of
parents, all possible three way crosses would be 6pC3 i.e. pip—I) ip—2).
The theoretical aspect of triallel analysis has been dealt with by Rawling
and Cockerham [7], Hinkelmann [2], and Ponnuswamy et. al. [4] taking
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3'pcti.e. p (p — 1) (p —2)12 crosses. The three way cross analysis
provides additional information regarding epistatic components of
variances and the effects of order in which the parents are involved in
crosses. The analysis of triallel experiments taking all the^ (/? — 1)
( p—2) triallel crosses is given.

. 2. Confonnded Triallel Experiments

Let V= p (p— 1) (p —2) crosscs of a triallel experiment with recipro
cal crosses be denoted by ijk. Let p (p — I) (p — 2) crosses of this
triallel experiment be represented by the v = p (p—\) (.p—2) treatments
of an incomplete block design with 6 blocks, y&th cross representing
the ijkth treatment. Let yijti, the fyield of the ijkth treatment
(cross) allotted to a plot in the /th block be given by

Yiiti = m + ttii, + Pj + c/yni, (1)

{i,j,k=\,2, p', l=\,2,...,b)

where m is the general mean; is the three line cross efifect; Pj is the
/th block efifect; and e</ii's are the random errors which are indepen
dently and normally distributed with means 0 and variances

Assume m, tick's, Pi's to be fixed unknown parameters with

2i I! S iijn = 0 and S Pj = 0

Let tijh = gi + gj + gk + stj + 3ik + sjh + stii with (2)

S g) = 0; S = 0 for all i; stj = ;

2 siiti =• 0 for all I and/;
# I

'ijk = Sik! = sjti = Sju = 5jtij = Stn', (3)

+ ./•/« + rjtk+ riti -f + rkji kji =0

Call g, as the general combining ability (g.C;a.) effect of the Jth line,
sii as the first order specific combining ability (s.c.a.) effect of the ith
andyth lines, sijn as the second order s.c.a. effect of the jth, jth and /cth
lines and rijt as the reciprocal effect of the ith, yth and A:th lines.

Let _£ = [fiij, tm* hilt ^lia »>»••• titip-ih hi9-i)Vt

f . • ^ 'jeCr-i) , • t . , (p-i), (4)

^(1.-1) («.-!) ] ; = S t,;*. {k ^ i,j);
k
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= s tjj,, ij ^ 0; t*k = tilt + tiiij

-{• t Hit + tj,i{ + tkh + hji,

with the analogous definitions of tfj. , tf.., Q, Qij., Qi. . and Qyft where
Qi/s is the adjusted treatment total for the//^th treatment (cross) ,
and is defined as

Qui = Y,,,. - (5'«//c) (5)

when Yijjc. is the total of the plots to which the ijkth treatment (cross)
was allotted and B"" is the total of the blocks containing the yftth
treatment (cross).

Then = tf'. . I6ip —2) (p - 3);

Sij = [0* —6 (p —3) (gi + gf) ]l6(p ~ 4) ; (6)

Siiic = (f«ft/6) — gi — gj —gt —sif —Sit — sjhl

njk = tijk —tfjklS.
It was shown by Zelen [9] that a partially balanced design with (w + 1)

associaJe classes can be derived from a partially balanced design with
wi-associate classes by replacing each treatment by a set of treatments.

Use this result and introduce an useful four class association scheme

for V= p(,p — I) (p — 2) treatments represented by ijk (j k);
i,j,k= 1,2 p.

By multiplying each treatment ijk of the extended triangular ET(p)
design of John [3], an useful 4-class Partially Balanced Incomplete
Block (PBIB) design is obtained for the p(p — I {p — 2) treatments to
be called a modified extended triangular [MET(p)] design with the
following association scheme.

Definition 2.1. Let each treatment ijk of the Extended Triangular
{ET) association scheme of John [3] be mapped on [i/A:,jifci,
fcy and kji]. For a treatment ijk, the treatments ikj,jik,jkt, Uj, kji are
first associates; and images of /th associates of the ET association
scheme are^j + 1) + th associates (/ = 1, 2, 3).

We- define

Definition 2.2. A PBIB design with v = p ip - \) {p — 2) treatments
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having the association scheme given in Definition 2.1 will be called a
modified extended triangular {MET) design.

Let N be the incidence matrix of a connected MET (p) design. Then
the eigen values 0jof NN' with their multiplicities «/ (seeP.W.M. John,
[3]) will be .

^t = rk, ao=l;

0i = r-Ai, «i = (p - 1) - 2)/6 ; '

08 = r + 5Ai + 6 [(2/7-9) Aa + A, (p-4H/'- 9)/2
- A* (p - 4) (/; - 5)/2 ]

Ma = (P - 1) (7)

- 0, = r + 5 Ax + 6 [ip - 7) A, - '2(2p - 11) A, + (p - 5) A,],
^ «i = p C/J - 3)/2;

04 = r + 5 Ai + 6(- SAg + 3X, - \), "
P(.P - 1) (P — 5)16

The eigen values <f>i of the C-matrix of the given MET(p) desigii with
multiplicities «/ will be.

Let

^, = r- m, i = 0, 1, 2, 3, 4. (8)

r,*..

t* • —J'ujif O

tTjk '= lj}k t_, {i < j < k)\

tijh =x,jkl, ir^j^k.

From (6), it can be seen that t^xt (/ = 2, 3, , ... , p) represent g.c.a.
contrasts; j'yiii= 1, 2, p (p —3)12) represent the first order
8.c.a. contrasts ; = 1.2, pip - 1) ip - 5)/6) represent the
second order s.c.a. contrasts and 0' = 1, 2, . . . , 5p (p — 1)
ip 2)/6) represent the reciprocal contrasts.

Let Si, S2, S3 and S4 be thevectorspaces spanned by U's, /,>'s Ijju'b and
mtfft's, reprpectively. Theii .it c^n be easily seen that Si is a sub-spae^
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of St, St is a sub-space of S^ and S, is a sub-space of Si. Let Em,« be
m X n matrix with all its elements unity. Then

[(l/v^v) Ef,i, Xj, Xj , . . • , (lO)

is an orthonormal basis for the. vector space Si where ^I's arc
given by >

p. i - 1
xtt £ r/-• - (I - 1).

L/-1
+ [3i {i-l)(p-2)

(p-3]^ (11)
i =1,2,3,p

Let us, now extend the orthonormal basis given in (10) of Si to an
orthonormal basis

tC/V'') ^v, 1, Xt, Xt Xp, >1, 2'a • ••» (12)

for Sf [cf. Raghavarao (6)]. Let us, further, extend the basis given in
(12) to another orthonormal basis.

[(11Vv) Ev, i, Xt yi.yt , . • •, (13)

' » • • • tJv(P-l) . ,

for 5,.

Let us further, complete the basis given in (13) to another ortho-
normal basis

[(1/^v) Ev, 1, Xg, . . . ti Xp,^I, . . . i^n (f—i)rt

Si»_?i £«> (p-i) ip-6)la • Xi,g(i) , Xi2s(s) , . . • , (14)

*ll3(e)» *1S1(6) !•••.]

for St Let

^ xi/kd) —(t,)t —Utt) + 1.2)^;
t' _xijn*) = (tijh -f- Uk) —2ry<») + (2.3)^ ;
£.' = ihjt + ti^j + tjit —Stjki) + (3.4)^ ; (15)
l' = (ttjk +'/»/ + tj{» + 4^i«) + (4.5)^ ;
C <6) ~ (5.6) ^
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We define , , . .

P
/4a = S xiXii

i=2 .

^ ;'(p-3)/2 ,
= S j

j=l - -

sc /'(i'-l)(/'-5)/6
z] Zi :

i=\ - -

At = S S S S Xiini l) x\,,.Al) I
K j <k I = 1

to get the analysis of the given MET(/j) design.

A solution of the reduced normal equations

A

Ct=Q

will be

/ = s imi)At
-i=l

Q

(16);

(17)

(18)

Following Raghavarao (1962), we get

r = (i/s6() Af + 4 + At •+ UM

(Iv - At - A^ - Af).. . (19)

Now, A3 can be worked out as given below :

Af = D L(l/6(p - 4)) if - ((p - 2)ll2(p - 3) (p - 4)) A^

- i(p - l)/9v(p - 2) (p- 4) eI v]D' (20)

— (I/v) Ev, V— At, •

where Ai is an idempotent matrix defined by Aggarwal (1974) ane D'
is the incidence matrix of the triangular design with parameters

= pip - l)/2, b* = p(p - 1) (p - 2) ,

r = 6 (p - 2), k'-- = 3, At = 6, a! = 0. (21)
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I Therefore, the solution of the normal equations given in (18) it
given by

tjk = HQ?. . + Qj.. + QL . )/6 (p - 2) (p - 3)

+ iQij, +: at. + Q%. - 2((j2r. . + Qf. . + Qt..) I
2 ))/6 (p —4)0j + (Qiifc -{-{Qf. . -h Qj . . -h Q*. .)l

• (p-3)(p-4) - (QT] . + at + Q% .)l(p - 4)

+ Qfjk)mi + (52,- !2,T*)/6^4 ]. (22)

foT i,j,k= \,2,. . .,p.
The sum of squares (S.S.) for g.c.a., first order s.c.a., second order

s.c.a. and reciprocal effects, will be (!/</>,) A* Q, Q' AfQ,

(l/<^*) fi' A* Q, a/M Q' [/« - A^ - A2~ a-;) Qand (l/^J Q' a! Q,
respectively. '

Now we shall work out

Q' aI Q = Q'IlxiXi)Q

p r'-^
S

/=2
s &, ..-ii-i)Q<..

J —^ \

. (2?)

- Dip - 2) (p-3)]

- [l/12(p - 2) ip- 3)] Mt . - Ql. )V2.1

- +(Gf. . + e? . . - 2fi?. . )«/3.2

- + (Qf.. + Ql. - + Q?'.. - 32?. .)V4.3 4- ... +
•(

^Qi-.+ S*. •+ ..• + ••• "" {p 1) Q* ••^*lp(p —1)]

= [!/12(p-2)(/>-3)] \ Qt.'(p--i)Ip + (iIp) i qV'̂
Li^l

= [\in (p - 2)(p- 3)]
^•2
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= Gr./12(p-2)(p-3). (24)

The above result can be put in the form of theorem given below :

Theorem. The sum of squares (S.S.) for g.c.a. effects are given by

Q'A* Q= i Qi\ .112 ip - 2) ip-3). (25)
~~ ;«=•!

Similarly S.S. for first order s.c-a., second order s. c. a. and recip
rocal effects can be worked out. The various S.S.'s are given in
Tal)le 1.

Illustration Let us coastruct the series of Modified Eitended Tri

angular MET(p) design with the parameters

v = p(p - l){p - 2),b = p(p - 1)12, r = 3,

fc = 6 (/) - 2), A, = 3. = I, A, = 0, Ai = 0. (26)

when p = 6, we have

V = 120, 6 = 15, f = 3

k= 24, Ai = 3, A, = 1, A, = 0, A, = 0 (27)

First arrange v = pip — 1) (p — 2)/6 = 20 (for p = 6) treatments
in 6 square arrays Ai, ©ach of order 5 as the following :

As

X 123 124 125 126

123 X 134 135 136

= ' 124 134 X 145 146

125 135 145 X 156

126 136 146 156 X

X 123 124 125 126

123 X 234 235 236

= • • .124 234 X 245 246

- 125 235 245 X 256

126 236 246 256 X

X 123 134 135 136

123 X 234 235 236

= 134 234 X 345 . 346

135 235 345 X 356

136 236 356 356 X (28)



Source

Blocks

ignoring
treatments

g.c.a. effects
eliminating
blocks

First order s.c.a.

effects -

eliminating
blocks

Second order

s.c-a. effects

eliminating

blocks

Reciprocal
effects

Error

Total

d.f.

(6-1)

(P — 1)

p{p - 3)12

TABLE 1—ANOVA TABLE

S. S.

2B'lk-C. F.
I I

2(2,. /12{p - 2) (p - 3)

I 2 ZQu. - (2qI. )liP—m6{p —4)^8
' <i i

P(P IX#- 3)/6 [52 3 -(Z SG,*'. -2:qV./2(;'-3))/(p--4)]/6^4
k i<j - i

SP(P - 1) (P - 2)/6 2 2
i<j<k

vr — b — V + 1

vr—1

By subtraction

22S2Yijki — C. P.
ijkl

M. S.

H
pa

r
ca
r

_ K

i
"4

H

ca

V
H
o

5

§
o
>
r

ed
•a

M.

M,

Af.,

M„

M,

O
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•^1

X 124 134 145 146

124 X 234 245 246

= 134 234 X 345 346

145 245 -345 X 456

146 246 346 456 X

X 125 135 145 156

125 X 235 245 256
= 135 235 X 345 356

145 245 345 X -456

156 256 3.56 , 456 X

X 126 136 146 156

126 X 236 246 256

= 136 236 X 346 356

146 246 346 X 456

156 256 356 456 X

Bymapping each treatment ijk of the extended tringuiar design (28),
we obtain She MET(6) design with the parameters as given in (27).

The Qfj/c's andthe Quh's the adjusted treatment totals for MET(6) are
given in Table 2 and Table 3 respectively. The various sum of squares
(S.S.) due to the different effects have been computed with the help of
the formulae shown in Table 1 and are given in ANOVA Table 4.

TABLE 2-(2(*fc—ADJUSTED TREATMENT TOTALS

Trtallel Cross
combinations

C?23

£2*24

Qiis

(2126

Cl34

oh

Q136

CU3

2*46

Adjusted treatment
total

— 93.00

— 92.25

— 57.75

— 37.00

— 57.00

— 40.00

— 30.25

— 14.00

15.50

47.25

Triallel cross
combinations

Q234

223 S

2236

2M3

2*46

2256

2*45

2*46

2356

2456

Adjusted treatment
totals

—20.75

—27.75

— 9.25

0 50

38.75

61.00

56.50

54.75

J0.50

134.25
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TABLE 4-ANOVA TABLE

' Source df. Some of squor4M Mean Squares

Blocks igaoring
treatments

g. c. a. eifecti
eliminating
blocks

14

5

11527.05

956.39

823.36

191.28

First order s.c.a.

efiecti eliminating
blocks

9 17444.64 1938.29

Second order i.e.a.

effects eliminating
blocks

5 . 12216.59 2443.32

Reciprocal effects
Error

100

226

6333.41

21444.18

63.33

94.89

Total 359 69922.26

The estimates of the various genetic effects, variances of these estimates
and variances of the elementary contrasts of these estimates, are.

g, = Ql.l6ip-2)(p-3)4>,;

I, = [Qu - ^(P - 3) Cg, + h)]l6 (p - 4)

Siji = [l/6<2*ft —igi+ gj + 8k) ^
^ ^

— (Si, +J/S +S}k) ]/*!

r,jk = Q*iJe —Q*k

- V(g,) = [ (p - 1) a»] I [3p{p - 2) (p - 3)^,1;

V(gi - g,) = 2aV[3(p - 2) ip - 3)*x 1. »• =?£>

y(7„ - -= (p - 3)<.V[3(p - 2) (p - 4)9,1. i^j.klj^k

ViSfi - Si,) = a'/lHp - 2)92], i ^J, k, I k.j; k 9^ I ;

K ~ S(Jl) = (p ~ 5)ff*/[3(p s)"#"!]* s
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- «.„) = (^ - 5) (p* -6p 4- 3)aV[3(p - 3) (p - 4)''̂ 3],
i ^ j, k, I, jn ; j ¥= k, I, m ; I ^ m;

V(ji,M - L) = (p' - 10p + 27)oV(3(p - 3) (p 4) ^3].
i k, I, m, n; j k, I, m, «; /: # /, m, n;
I ^ m, n ; m ^ n

, = (5/6)aV<^i. '• ^ /. k-j^k-,

Vifiit — riji) — (5/3)a«/< '̂i. i^j, k',j^ k;

vfnt - P„„) = (5/3)aV*4. i k\j^k.
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